We calculate the ion and composition distributions around colloid particles in an aqueous mixture, accounting for preferential adsorption, electrostatic interaction, selective solvation among ions and polar molecules, and composition-dependent ionization. On the colloid surface, we predict a precipitation transition induced by a strong preference of hydrophilic ions to water and a prewetting transition between weak and strong adsorption and ionization. These transition lines extend far from the solvent coexistence curve in the plane of the interaction parameter χ (or the temperature) and the average solvent composition. The colloid interaction is drastically altered by these phase transitions on the surface. In particular, the interaction is much amplified on bridging of wetting layers formed above the precipitation line. Such wetting layers can either completely or partially cover the colloid surface depending on the average solvent composition.
I. INTRODUCTION
Extensive efforts have been made to understand the interaction among ionized colloid particles in a solvent [1] [2] [3] [4] [5] , because they form model crystal and glass at high densities. Recently, considerable attention has also been paid to the effect of adsorption of one of the components in a mixture solvent on the colloid surface. Several groups [6] [7] [8] [9] [10] observed aggregation of colloidal particles near the coexistence curve in one-phase states of a binary mixture of 2,6-lutidine and water. For small ionization the adsorption of lutidine was increased in water-rich states, while for large ionization that of water was increased in lutidine-rich states. This means that the colloid surface can either repel or attract water, depending on the degree of ionization. It is worth noting that polyelectrolytes are often hydrophobic without ionization but become effectively hydrophilic even at low ionization [11] [12] [13] .
At high colloid concentrations, a flocculated phase rich in colloids emerges [6] , which changes from gas, liquid, fcc crystal, and glass with increasing colloid concentration [9] . Such aggregation was claimed to be a result of a true phase separation in ternary mixtures [8] . A microscopic theory by Hopkins et al. [14] indicated the aggregation mechanism. They treated neutral colloids coated by a thick adsorption layer rich in the preferred component in one-phase environments rich in the other component. They found that this adsorption is intensified near the coexistence curve, strongly influencing the colloid interaction.
In understanding these experiments, however, attention has not been paid to the selective solvation (hydration for aqueous mixtures) among charged particles (ions and ionized parts on the colloid surface) and polar solvent molecules [15] . The solvation effects have not yet been adequately investigated in soft materials, but they can influence the phase separation behavior profoundly and even give rise to new phase transitions [16] [17] [18] [19] . The solvation chemical potential μ sol (φ) of a hydrophilic ion stems from the ion-dipole interaction and strongly depends on the ambient composition of water. In electrochemistry, the following chemical potential difference has been measured [20, 21] :
between two coexisting phases, where φ α and φ β are the bulk water compositions in the two phases. This quantity is the so-called Gibbs transfer free energy per ion, which determines the ion partition and a Galvani potential difference between the two phases. Its magnitude typically much exceeds k B T (about 15k B T for Na + and Cl − in water-nitrobenzene at room temperatures). Furthermore, the dissociation of ionizable groups on the colloid surface should be treated as a chemical reaction sensitively depending on the local environment (the solvent composition and the local electric potential) as in the case of polyelectrolytes [11, 12, 22, 23] . Therefore, even very small composition variations around the colloid surface can induce significant changes in the ion distribution, the electric potential, and the degree of ionization, so they can drastically alter the colloid interaction.
Historically, the colloid interaction has been supposed to consist of the screened Coulomb repulsive infraction F DLVO and the van der Waals attractive interaction F vdw since the celebrated theory developed by Derjaguin, Landau, Verway, and Overbeek (DLVO) [1] [2] [3] [4] . For two colloid particles with radius a, the former reads
where d is the distance between two colloid centers,Q is the average charge on a colloid particle,¯ is the average dielectric constant (at the average composition for a mixture solvent), and κ is the Debye wave number. The latter arises from the pairwise van der Waals interaction (∝−1/r 6 ) among constituent molecules, where r is the distance between two molecules. In terms of the Hamaker constant A H , F vdw between two identical colloids with radius a is written as [3] while it decays as −16A H a 6 /9d 6 for long separation a. We assume that F vdw (d) saturates at a short distance on the order of the solvent molecular diameter a 0 (∼3Å). Then F vdw (d) decreases down to −A H a/12a 0 at contact. The size of A H strongly depends on binary mixtures and colloid particles under investigation and can be made small by matching the dielectric constants of the colloid and the solvent. In this paper, F vdw will not be included in our theoretical scheme for simplicity.
In binary mixtures, the adsorption-induced composition disturbances give rise to an attractive interaction F ad between two colloid particles [6] . A linear theory can then be developed when the adsorption and the ionization are both weak. Further, in the special case of weak selective solvation, the pair interaction is the sum of F DLVO in Eq. (1.2) and F ad given by 5) where ξ is the correlation length growing near the solvent criticality. The coefficient A ad is proportional to h 2 1 , where h 1 is the surface field arising from preferential molecular interactions between the surface and the two solvent species [24] [25] [26] . In deriving Eq. (1.5), h 1 is assumed to be small and Eq. (1.5) is invalid very close to the criticality [27] ; nevertheless, F ad becomes the dominant interaction at long distances for ξ > κ −1 . We shall see that F ad can exceed F vdw even at the molecular separation a 0 for small A H [see Eq. (3.37)]. Furthermore, on approaching the solvent criticality without ions, the adsorption-induced interaction among solid objects (plates, rods, and spheres) becomes universal (independent of the material parameters) in the limit of strong adsorption [28] , so it has been called the critical Casimir interaction [29] [30] [31] [32] . However, it should be affected by ions for strong selective solvation, as has been indicated by experiments [33] .
In this article, we aim to investigate the ion effects on the colloid interaction in binary mixtures using a coarse-grained approach. A merit of our approach is that we can treat the preferential solvation in its strong-coupling limit. In our recent work [19, 34] , we found that a strongly selective solute can induce formation of domains rich in the preferred component even far from the solvent coexistence curve. We shall see that this precipitation phenomenon can occur on the colloid surface, leading to a wetting layer coating the colloid surface. As another prediction, there can be a first-order prewetting surface transition between weak and strong adsorption far from the solvent criticality, as discussed in our paper on charged rods [23] . These two phase transitions occur when the volume fraction of the selected component is relatively small (φ < φ c ). With intensified mutual interactions, colloid particles should trigger a macroscopic phase separation to form a floccuated phase [6, 8, 9] . As a closely related example, precipitation of DNA has been observed with addition of ethanol in water [35] [36] [37] , where the ethanol added is excluded from condensed DNA.
In addition to usual hydrophilic ions, we are also interested in the colloid interaction in the presence of antagonistic ion pairs in aqueous mixtures, where the cations are hydrophilic and the anions are hydrophobic or vice versa [18, 19] . A well-known example in electrochemistry is a pair of Na − and tetraphenylborate BPh − 4 , where the latter anion consists of four phenyl rings bonded to an ionized boron and acquires strong hydrophobicity. Such ion pairs behave antagonistically in the presence of composition heterogeneities, giving rise to the formation of mesophases, as recently observed by Sadakane et al. by adding a small amount of NaBPh 4 to D 2 O and trimethylpyridine [38] . They should produce an oscillatory interaction between walls or colloid particles as in the case of liquid crystals [39] .
The organization of this paper is as follows. In Sec. II, we will present a Ginzburg-Landau model of a binary mixture containing ions and ionizable colloid particles, where the bulk part includes the electrostatic and solvation interactions and the surface part the dissociation free energy. In Sec. III, we will examine the linearized version of our theory for the electrostatic and composition fluctuations as a generalization of the Debye-Hückel and DLVO theories. In Sec. IV, we will discuss how a wetting layer is formed on the colloid surface, which takes place as a precipitation phase transition. In Sec. V, we will present numerical results on the basis of our nonlinear scheme, where we shall encounter precipitation and prewetting phase transitions on the surface even far from the solvent coexistence curve. We shall also see bridging of wetting layers and a changeover between complete and partial wetting.
II. GINZBURG-LANDAU MODEL FOR A MIXTURE SOLVENT
We suppose monovalent hydrophilic cations and anions in a binary solvent composed of a waterlike polar component (called water) and a less polar component (called oil) in a cell with a volume V [16, 17, 34] . We also place one or two negatively ionizable colloid particles in the cell. Experimentally, we suppose a dilute suspension of colloid particles in a mixture solvent. To apply our results to such systems, we should set V = 1/n col , where n col is the colloid density.
For simplicity, we neglect the van der Waals interaction F vdw . The Boltzmann constant k B will be set equal to unity in the following.
A. Free energy including electrostatics, solvation, and surface interaction
We assume that the counterions coming from the colloid surface are of the same species as the cations added as a salt. The cation and anion number densities are written as n 1 and n 2 , respectively, while the water composition is written as φ. We treat these variables as smooth functions in space. The total free energy F tot = F + F s consists of the bulk part F and the surface part F s . The former is written as
where d r is the space integral in the colloid exterior in the cell and d r is that in the whole cell, including the colloid interior. The electric potential is defined even in the colloid interior. We assume that inhomogeneity of φ gives rise to the gradient free energy, where the coefficient C is a positive constant.
In the first term of Eq. (2.1), the free energy density f tot is the chemical part depending on φ, n 1 , and n 2 as
In this article, the molecular volumes of the two solvent components take a common value v 0 , though they are often very different in real binary mixtures. As a molecular length, we introduce
which is supposed to be of order 3Å; then C ∼ a −1 0 [40] . The colloid radius a is much larger than a 0 . (In our previous papers [16] [17] [18] [19] 34] , a has been used to denote the molecular length v 1/3 0 .) We neglect the volume fractions of the ions assuming their small sizes. In our numerical analysis, we adopt the Bragg-Williams form [41] 
where χ = χ (T ) is the interaction parameter depending on T . The critical value of χ is 2 without ions. In the ionic part of Eq. (2.2), λ i =h(2π/m i T ) 1/2 is the thermal de Broglie wavelength of the species i with m i being its mass. The dimensionless parameters g 1 and g 2 represent the degree of selective solvation [16, 17] , in terms of which the solvation chemical potential is μ i sol = const − T g i φ and the Gibbs transfer free energy is T g i (φ α − φ β ) for the ion species i [see Eq. (1.1)]. If φ is the water composition, we have g i > 0 for hydrophilic ions and g i < 0 for hydrophobic ions. In many aqueous mixtures, the amplitude |g i | well exceeds 10 both for hydrophilic ions and hydrophobic solutes [19] .
The last term in Eq. (2.1) is the electrostatic part [42] , where E = −∇ is the electric field. The electric potential is defined in the whole region, including the colloid interior. We assume continuity of U through the colloid surface neglecting surface molecular polarization. It follows the Poisson equation 5) where D = ε E is the electric flux density. The dielectric constant ε(φ) is assumed to be a linear function of φ in the solvent. Thus, it behaves as 6) which is ε 0 in oil (at φ = 0), ε 0 + ε 1 in water (at φ = 1), and ε p in the colloid interior. Let all the charges be monovalent. The charge density ρ then is written as
The first bulk term is nonvanishing in the colloid exterior and the second part arises from the areal density σ of the ionized groups on the colloid surface, where δ s is the δ function nonvanishing only on the colloid surface. There is no charge density in the colloid interior. As a result, there arises a discontinuity in the normal component ν · D, where ν is the outward normal unit vector on the colloid surface. Let D + and D − be the values of D immediately outside and inside the colloid surface, respectively. Then,
On the other hand, on the cell boundary, we assume no surface free energy and no surface charge. In our simulation, we thus set
where ν b is its normal vector of the cell boundary.
The density of the ionizable groups on the colloid surface is written as σ 0 . The fraction of ionized groups or the degree of ionization α is defined in the range 0 α 1. The density of the ionized groups is written as [23] 
We treat α as a fluctuating variable depending on the local composition and potential. The surface free energy F s depends on φ and α as
where dS is the integration on the colloid surface. Here we neglect the second-order contribution (∝φ 2 ) present in the original theory [24] to the surface free energy density (though it is relevant near the critical point for neutral fluids [25] ). The coefficient γ represents the short-range interaction between the mixture solvent and the colloid surface (per solvent molecule) [24] . We call γ the surface interaction parameter or the surface field (though h 1 ≡ −T γ is usually called the surface field in the literature [25, 26] ). The f d in Eq. (2.11) is the dissociation (ionization) free energy density of the form [11, 22, 23] ,
12) where the first two terms arise from the entropy of selecting the ionized groups among the ionizable ones, while 0 − 1 φ is the composition-dependent ionization free energy divided by T . We suppose that the ionization is much enhanced with increasing the water content, which means that 1 should be considerably larger than unity.
B. Equilibrium relations
In our finite system, the cation number increases with an increase of ionization, while the numbers of the anions and the solvent particles are fixed. Let n 0 be the average density of the added salt andφ be the average water composition. They are important parameters in our problem as well as χ . Then, 17) where the integration is in the colloid exterior in the first term, on the colloid surface in the second term, and on the cell boundary in the third term. From Eq. (2.9) we have 20) where n
i exp(μ i /T ) are constants. We introduce the normalized electrostatic potential,
(2.21)
Using the above h and μ i , we calculate the incremental changes of F and F s as
Vanishing of the surface terms proportional to δφ in δF + δF s yields the boundary condition of φ on the colloid surface written as [34] Cν
where ν is the outward normal unit vector on the colloid surface. In the same manner, vanishing of the terms proportional to δα yields [23] 
We multiply Eq. (2.25) by n 1 in Eq. (2.20) at the surface to obtain the mass action law on the surface, 26) where the factor exp(U − μ 1 /T ) is canceled. We introduce the composition-dependent ionization constant by 28) which will be used in deriving Eq. (3.17).
C. Changeover from hydrophobic to hydrophilic surface with progress of ionization
We further discuss the consequence of the boundary condition (2.24). Near the surface, oil is enriched for φ = ν · ∇φ > 0, while water is enriched for φ < 0. For very small α, the colloid surface is hydrophobic for γ > 0 and is hydrophilic for γ < 0. However, with increasing α, an originally hydrophobic surface can become effectively hydrophilic if 29) under which the surface derivative φ becomes negative for α > γ / 1 σ 0 . In contrast, if γ > 1 σ 0 , the surface remains hydrophobic even for α = 1. This weakly hydrophobic situation can well happen in real colloid systems in mixture solvents for not small σ 0 due to strong composition-dependent ionization. As stated in Sec. I, colloid aggregation in near-critical lutidine-water occurred at lutidine-rich compositions for small ionization and at waterrich compositions for larger ionization [6, 7] . In our theory this means that the colloid surface remained hydrophobic for small ionization, while it became hydrophilic for large ionization. It is also well known that hydrophobic polyelectrolytes (without ionization) can become hydrophilic with progress of ionization [13] .
III. LINEAR THEORY IN ONE-PHASE STATES
The Debye-Hückel and DLVO theories [1] [2] [3] [4] are justified for small electrostatic perturbations, where the amplitude of the normalized potential U = e /T should be smaller than unity. Here we present a generalized linear theory, including the composition fluctuations in a mixture solvent. To justify the linear treatment, we assume that the degree of ionization α and the surface field γ are both very small. Treating α and γ as small parameters, we calculate U and the composition deviation, [43] .
A. Linearized relations
In the limit of large cell volume V a 3 or in the dilute limit of colloid suspension, we may assume that φ, n i , and U tend toφ, n 0 , and 0, respectively, exponentially far from the colloids. From Eqs. 
From Eq. (2.25) the expansion of α is of the form,
where the surface values of ψ and U are used andᾱ = K(φ)/n 0 is the degree of ionization in the homogeneous case assumed to be very small. The deviation δα = α −ᾱ is already of second order. We shall see that δα gives rise to a third-order contribution to and may be neglected in our linear theory. The colloid surface is under the fixed charge condition in the linear theory. We should calculate U in the whole space imposing ∇ 2 U = 0 in the colloid interior, while ψ, n 1 , and n 2 are defined only in the colloid exterior.
In terms of the average dielectric constantε = ε(φ), we introduce the Bjerrum length B and the Debye wave number κ by
Without coupling to the ion densities, the correlation length of the composition fluctuations is given by ξ = (C/τ ) 1/2 in one-phase states with
where f (φ) = ∂ 2 f/∂φ 2 and use is made of Eq. (2.4). In the bulk region of the colloid exterior, Eqs. (2.5) and (2.18) are linearized with respect to ψ and U as
where we introduce two coefficients,
(3.10)
As can be seen from the structure factor of the composition in Appendix A, τ c is the shift of the spinodal in the long wavelength limit due to the selective solvation. The size of τ c can be significant even for small n 0 for g 1 1 and g 2 1, which agrees with experimental large shits of the coexistence curve induced by hydrophilic ions [44] . We assume τ > τ c to ensure the thermodynamic stability. The correlation length of ψ is changed by ions as
The g a arises from the asymmetry of the selective solvation between the cations and the anions, giving rise to the coupling of U and ψ.
On the colloid surface, Eqs. (2.8) and (2.24) yield the linearized boundary conditions,
where (· · · ) + and (· · · ) − denote the values immediately outside and inside the colloid surface, respectively. Theσ andγ are averages defined byσ 
Thus, the last two terms in the grand potential in Eq. (2.16) become F s + dSμ 1 σ = T dSγ ψ+const in terms ofγ , where the first term in the right-hand side of Eq. (3.16) cancels to vanish. Hence, the second-order contributions to are written as
where the bulk integrations in the first two lines are transformed into the surface ones in the third line with the aid of Eqs. (3.7) and (3.8) . With the third line, we thus need to calculate only the surface averages of ψ and U at fixed surface charge in the linear theory.
B. Two characteristic wave numbers q 1 and q 2
In the colloid exterior, there arise two characteristic wave numbers, denoted by q 1 and q 2 . If g a = 0, U varies on the scale of the Debye screening length κ −1 , where κ is defined in Eq. (3.5), and ψ varies on the scale ofξ in Eq. (3.11). For g a = 0, they are expressed as
From Eqs. (3.7) and (3.8) λ 1 and λ 2 are the solutions of the quadratic equation,
Therefore, they satisfy We also find (λ 1 − 1)(λ 2 − 1) = γ 2 p , which will be used in the following calculations. Here the two parameters M and γ p are defined by
where M → 0 as τ → τ c and γ p conveniently represents the solvation asymmetry of the two ion species. That is, γ p should be smaller than unity for usual hydrophilic ion pairs [18, 19, 38] . In Appendix A, we shall see that our system is linearly unstable for γ p > M + 1 against charge-density-wave formation, so we limit ourselves to the region γ p < M + 1 in one-phase states.
In Fig. 1 , we display q 1 /κ and q 2 /κ in the M-γ p plane. Some typical cases are as follows. (i) As g a → 0, we have q 1 ∼ = κ and q 2 ∼ =ξ −1 .
(ii) Near the criticality, we have κξ 1 or M 1. Furthermore, supposing hydrophilic ions, we assume that γ p is not close to unity and the inequality 1 − γ 2 p M holds. We then find 
Oscillatory behavior appears for q I > q R or for γ 2 p > M 2 + 1. As we approach the spinodal line or as M → γ p − 1 with γ p > 1, q R becomes small as (M − γ p + 1) 1/2 , while q I tends to nonvanishing (κ/ξ ) 1/2 .
C. Profiles around a single colloid particle
In the presence of a single colloid with radius a, we obtain the fundamental profiles U = U 0 (r) and ψ = ψ 0 (r) induced by nonvanishingγ andσ from the boundary conditions (3.12) and (3.13). In the large system limit V a 3 , they are expressed as linear combinations of two Yukawa functions, e −q 1 (r−a) /r and e −q 2 (r−a) /r, where r is the distance from the colloid center. As will be shown in Appendix B, they are of the forms
25)
The coefficients B 1 and B 2 are defined by
In Appendix A, we will also express the correlation functions of the composition and the ion densities as linear combinations of these Yukawa functions. We examine some limiting cases. (i) As g a → 0, we find λ 1 → 1, λ 2 → M 2 , and 27) where U 0 is the Debye-Hückel form [1] [2] [3] [4] withQ being the average charge of a colloid particle,
(ii) We assume |q i |a 1 and |q i |(r − a) 1, which hold in the limit of small q i . Even for g a = 0, Eq. (3.25) yields the Coulombic behavior,
which follow from the relations B 1 − B 2 = −γ a 2 /C and
Let us approach the instability line M = γ p − 1 in Fig. 1 . In this case, both U 0 and ψ 0 grow as Im[(λ 1 − λ 2 )
−1/2 . In this limit, the linear theory is valid only for very smallσ andγ .
D. Interaction between two colloid particles
We suppose two colloid particles of the same species with radius a. In Appendix B, we will derive the interaction free energy F int from in Eq. 
PHYSICAL REVIEW E 84, 051401 (2011)
d is the separation distance between the two colloid centers longer than 2a. We express it as 30) where the coefficients E 1 and E 2 are defined by
Notice that F int is independent of the colloid dielectric constant ε p . In Appendix B, we can see that ε p appears in the third-order contribution. Some limiting cases are as follows. (i) In the limit of weak solvation g 1 → 0 and g 2 → 0, we have E 1 → 4π Bσ 2 and E 2 →γ 2 /C, leading to a decoupled expression,
The first term is the DLVO interaction
The second term represents the adsorption-induced attraction F ad for smallγ . For neutral colloids, we haveγ = γ and h 1 = −T γ to find the expression (1.5) with A ad = 4πT γ 2 /C. Note that the linear theory is not applicable very close to the criticality [27] , as stated below Eq. (1.5). (ii) When |q i |a 1 and 
whereQ andγ in Eq. (3.32) have been replaced byQ e andγ e defined byQ
(v) When q 1 and q 2 are complex conjugates in the region |M − 1| < γ p < M + 1 in Fig. 1 , Eq. (3.30) gives (3.36) where the coefficients J and K are the real and imaginary parts of E 1 /(1 + q 1 a) 2 . On approaching the spinodal line γ p = M + 1, K grows as 1/q R but J remains finite.
For neutral colloids, we compare the van der Waals interaction 
[40], we estimate their ratio as
Even at the closest separation, the van der Waals attraction is negligible when A H /T is smaller than (10a 0 aγ ) 2 for a ξ and than (10a 0 ξγ ) 2 for a ξ .
E. Plotting analytic results in the linear theory
On the basis of the analytic expressions (3.25) and (3.30), we plot U 0 (r) and ψ 0 (r) around a single colloid and F int between two colloids for various M. Assuming a large radius a = 600a 0 , we set B = 3a 0 and κ = 0.1a Oscillatory relaxation is conspicuous close to the instability. Here, the linear conditions, |U 0 | 1 and |ψ 0 | 1, are ensured only by very smallσ andγ . Otherwise, the nonlinear theory is required. In Fig. 3 , we thus divide U 0 and F int by a 2σ and a 4σ 2 , respectively.
IV. PRECIPITATION DUE TO HIGHLY SELECTIVE SOLVATION
In a binary mixture in one-phase states, a highly selective solute can induce precipitation of domains rich in the preferred component [19, 34] . The solute can be either a hydrophilic salt (such as NaCl) or a neutral hydrophobic solute. The equilibrium size of a precipitated domain depends on the system size V [as can be known from Eq. (4.8) below].
In the next section, we will show numerically that precipitation can occur on the colloid surface. Therefore, in this section, we summarize and extend our previous theory [34] to understand precipitation on the colloid surface. We suppose an experiment of very dilute colloid suspension; the volume V assigned to each colloid particle then is the inverse droplet density. For high colloid concentrations, colloids should interact collectively due to the growth of wetting layers to form a floccuated phase [6, 8, 9] .
A. Bulk precipitation
For hydrophilic cations and anions, the phase behavior of precipitation is little affected by charge density variations, because they are significant only at interfaces, colloid surfaces, or a container. Thus, neglecting the electrostatic interaction, we may use results of a three component system [34] by setting
We assume the strong solvation condition g 1. In the precipitated phase, called α, the water composition φ α is close to unity and the solute density n α is much larger than the averagen = 2n 0 by the factor e g(1−φ) [45] . The precipitation effect is significant for not small g(1 −φ).
Let us decreasen in the presence of precipitated domains. Then the volume fraction γ α of phase α decreases and eventually tends to zero as
where n p is a minimum solute density for precipitation. Its asymptotic expression for g 1 is given by
The function G(φ,χ) is a positive quantity defined by 
It also follows the relation,
Heren appears in the combination e g(1−φ)n . In Fig. 4 , we display χ p vsφ at n 0 = 3 × 10
0 . The left panel gives the curves for g = 7,8,8.5,9, 9.5, and 10 in the range 0 <φ < 0.47. With increasing g, the precipitation branch is suddenly detached downward from the solvent coexistence curve. For g 1, they are in excellent agreement with the asymptotic formula (4.6) for χ p . (The asymptotic formula (4.4) for n p is also a good approximation for g 1 [19, 34] .) The right panel gives the curve for g = 10 at the same n 0 in the range 0.4 <φ < 0.75. The curve is only slightly outside the coexistence curve forφ 0.6 and touches the spinodal curve τ = τ c at (χ,φ) = (0.5187,1.9728) [46] . We obtained these curves numerically from minimization of the bulk free energy at φ =φ and n =n, neglecting the surface free energy. Thus, these curves are those for two-phase coexistence with a planar interface separating the two phases.
B. Surface tension effect on a precipitated droplet
The surface tension σ s between a precipitated droplet and the surrounding solute-poor region is well defined, though the precipitation is a nonlinear effect of a highly selective solute. It is of order σ s ∼ T /a 2 0 far from the solvent criticality, being independent of the solute density. We here examine the surface tension effect on the droplet stability.
We consider a single spherical droplet of phase α with radius R in a large volume V . The droplet volume fraction is then γ α = v/V , where v = 4πR 3 /3. Forn > n p and at very small volume fraction γ α e −g(1−φ) , the droplet free energy is expressed as [47, 48] 
In the first line, the first two terms constitute the standard droplet free energy in the nucleation theory and the third term (∝R 6 /V ) arises from the finite size effect [41] . In the second line, we introduce a critical radius R c and a minimum radius R m by for the equilibrium radius R. We require F /4πσ s R 2 = (2 − R/R c )/3 < 0 to find R > 2R c . Hence R > R m from Eq. (4.11) and R m is the minimum radius of equilibrium droplets in a finite system [47] . For R m R c , droplets with radii much larger than R m can appear as
where the right-hand side is proportional to V and is independent of σ s in agreement with Eq. (4.3). It also follows the condition R m > 2R c from Eq. (4.11) [49] , leading to lower bounds ofn − n p and χ − χ p as 14) for the formation of a droplet. Thus, the bulk precipitation curvesn = n p and χ = χ p are shifted upward by amounts proportional to σ s /R m ∝ σ 
C. Wetting layer formation on a colloid surface
A completely wetting layer can appear on a colloid surface above a precipitation curve for the hydrophilic case γ < 0 or for the hydrophobic case γ > 0 under the condition (2.29). In our numerical analysis, the precipitation curve for a colloid is only slightly shifted upward from the bulk curve χ = χ p in the χ -φ plane. We also recognize that the precipitation curve is nearly independent of the surface parameters γ and σ 0 .
We suppose that a colloid with radius a is completely wetted by a spherically symmetric layer with thickness R − a. The volume fraction of phase α is γ α = 4π (R 3 − a 3 )/3V in a volume V . For R − a a 0 , we may treat the surface free energy between the colloid surface and the wetting layer as a constant. As a generalization of Eq. (4.8), R is determined by minimization of a free energy contribution F wet . In terms of R c in Eqs. (4.9) and R m in Eq. (4.10), it is expressed as
The first line tends to Eq. (4.8) as a → 0. In the second line, q and s are defined by In the above theory, we have examined the transition between weakly adsorbed states and completely wetted states. In the next section, however, we shall see that a hydrophobic surface can be partially wetted by a nonspherical water-rich layer at relatively smallφ and for not very large γ .
V. NUMERICAL RESULTS
In this section, we present numerical results on the basis of our nonlinear theory in Sec. II with a single colloid or two colloids placed at the center of a large cell. The correlation lengthξ in Eq. (3.11) increases up to 14.1a 0 at χ = 1.965, but it is only a few times longer than a 0 in the other examples far from the solvent criticality.
A. Parameter values selected
We set C = 2a In the case of a single colloid, our cell is a large sphere with radius 10 3 a 0 in the spherically symmetric geometry. In the case of two colloids, it is a cylinder with radius 256a 0 and height 512a 0 in the axisymmetric geometry. Since a = 15a 0 , the colloid volume fraction is 3.375 × 10 −6 for a single colloid and is 1. 
B. Comparison of the linear and nonlinear theories
We compare the profiles of ψ(r) = φ(r) −φ and U (r) = e (r)/T from the linear theory in Sec. III and those from the 0 . In this case, φ is a few times larger than 1/g i ∼ 0.1 near the surface, leading to considerable ion accumulation, which cannot be accounted for in the linear theory. Furthermore, the cations are more enriched than the anions near the surface, leading to positive U in the nonlinear theory, while U remains negative in the linear theory.
Comparison of the linear and nonlinear theories will also be made in the presence of two colloids atφ = 0.5. See explanations of Fig. 12 below.
C. Prewetting and precipitation on a colloid
With hydrophilic ions, there appear two transition lines of prewetting and precipitation for each colloid in theφ-χ plane. They are located far below the solvent coexistence curve for strong selective solvation. The prewetting line sensitively depends on γ and σ 0 (as will be seen in Figs. 6 and 8 below) . It starts from a point on the precipitation line ending at a surface critical point, across which there are discontinuities in the physical quantities. The transition across the precipitation line for a colloid is first-order for the present parameters. We further confirmed that the precipitation line exhibits no appreciable dependence on γ and σ 0 and approaches the bulk one χ = Fig. 6 displays three examples of the prewetting line corresponding to a 2 σ 0 = 0, 0.003, and 0.005, around which α is nearly equal to unity and σ ∼ = σ 0 . A first-order precipitation line is also shown (broken line), which is independent of σ 0 . The right panel of Fig. 6 shows the preferential adsorption around a colloid as a function of χ for severalφ at a 2 σ 0 = 003. Since φ(r) tends to a constant φ(L) far from the colloid, is calculated from
where the integration is in the colloid exterior. With precipitation, we have ∼ 4π (1 −φ)(R 3 − a 3 )/3 for a single colloid. In Fig. 7 , profiles of φ(r) and the total ion density n 1 (r) + n 2 (r) are displayed at four points (A)-(D) in Fig. 6 , where γ = −0.2a There is hysteretic behavior between these two states (see Fig. 15 ). 2. Hydrophobic surface with γ = 0.08a
The prewetting behavior is more exaggerated for a weakly hydrophobic surface under Eq. (2.29) than for a hydrophilic surface. In subsection II C, we have discussed the changeover from a hydrophobic to hydrophilic surface with progress of ionization. Here, we examine the prewetting and precipitation transitions in the weakly hydrophobic case with γ = 0.08a Figs. 8-17 and also in the strongly hydrophobic case with γ = 0.2a
0 in the lower plates in Fig. 12 .
In Fig. 8 , we display three examples of the prewetting line corresponding to a 2 σ 0 = 0.015, 0.018, and 0.021, which are pushed downward with increasing σ 0 . They even bend downward and much extend outside the bulk precipitation line. The precipitation line for a colloid (broken line) is inside the bulk precipitation region and is independent of σ 0 (as in Fig. 6 ).
In Fig. 9 , we show the degree of ionization α and the excess adsorption defined in Eq. (5.2) as functions of χ for various φ. In the upper plates, the discontinuities across the prewetting line increase with increasing χ , where the critical point is located at the smallest χ on the line. (In sharp contrast, they decrease with increasing χ in the hydrophilic case in Fig. 6 .) In the lower plates, α and are shown along paths (e), (f), and (g), In Fig. 10 , the profiles of φ(r), U (r), n 1 (r), and n 1 (r) − n 2 (r) are shown at points (A), (B), (C), and (D) on path (e) in the right bottom panel of Fig. 9 . At (A), which is below the prewetting line, the colloid surface is still hydrophobic with a negative surface value of φ = ∂φ/∂r, U (r) is negative, and the ions are weakly accumulated near the surface. At (B), which is slightly above the prewetting line, the surface is hydrophilic, U has a small maximum, and the cations and the anions are both enriched near the surface. Oscillatory behavior is amplified with increasing χ . The system tends to be homogeneous far from the colloid for the first two curves, while a mesophase is realized for the third curve. The precipitation transition is continuous for the present parameters, as stated at the beginning of this section.
Crossover from repulsive to attractive interaction
First, forφ = 0.425, we examine the behavior around the prewetting transition with a In the weakly hydrophobic case in the upper plates in Fig. 12 , the linear theory fairly holds at χ = 1.2, while it breaks down at χ = 1.965. In fact, 
Bridged and disconnected wetting layers
Next, we examine the wetting layer behavior after the precipitation transition in Figs. 13-15 forφ = 0.425. In Fig. 13 , the profiles of φ(r,z) and U (r,z) are presented above the precipitation line with the same parameter values as in Fig. 11 . Here we have thick wetting layers on the two colloids and they are bridged for d = 80a 0 = 5.33a (top plates) and are disconnected for 102a 0 = 6.8a (bottom plates). In Fig. 14 , the interaction free energy F int (d) is shown as a function of d, where the three curves correspond to χ = 1.94, 1.95, and 1.96. At relatively short separation d = 44a 0 , for instance, increases with increasing χ as /(4πa 3 /3) = 3.87, 7.20, and 23.3, respectively. We recognize that the wetting layers are bridged for relatively small d but are disconnected for large d, exhibiting hysteresis. The F int (d)/T assumes negative values of order −100 while bridged, but it becomes very small once detached. For larger colloid radii, the value of F int (d)/T should be much more amplified (∝a 3 ). In Fig. 15 , the hysteretic transition behavior is illustrated between the bridged and disconnected sates. That is, in an interval of d, we find two linearly stable profiles, where one is metastable with a higher F int (d).
It is worth noting that Hopkins et al. [14] also found a bridging of adsorption layers of two approaching neutral colloid particles in a mixture solvent close to the coexistence curve.
Partial wetting on hydrophobic surface
In the previous examples of hydrophobic colloids, the surface is in a completely wetted state above the precipitation line in the composition rangeφ = 0.4-0.5. However, for smallerφ, a hydrophobic colloid surface can be partially wetted if γ is not very large.
In Fig. 16 , atφ = 0.3, we display such composition profiles φ(r,z) around two hydrophobic colloids at d = 44a 0 = 2.93a by changing χ . The other parameters are common to those in Figs. 11 and 13. For χ > χ p = 1.12, there appears a water-rich region partially wetting the colloid surface. The surface is partially wetted for χ = 1.25, 1.55, and 1.85 but is completely covered by the waterlike component at χ = 2. Here, α in the nonwetted regions is 0.082, 0.058, and 0.051 for χ = 1.85, 1.55, and 1.25, respectively, while α is nearly equal to unity in the wetted surface regions. In these examples, the number of the counterions from the wetted surface is only about 0.4% of the number of the cations in the wetting water-rich region, where the latter is about 5600 for χ = 1.25.
In Fig. 17 , we vary d atφ = 0.3 and χ = 1.55 to see how the partial wetting of two hydrophobic colloids is changed between bridged and disconnected states. In the left panel, F int (d) is displayed as a function of d, where hysteresis is exhibited between these two states. In the right panel, we show φ(r,z) in the connected case at d = 60a 0 and in the disconnected case at at d = 72a 0 . In the latter case, a water-rich droplet is partially wetting the left colloid. In these cases, α is 0.99 in the wetted part and about 0.05 in the nonwetted part.
E. Antagonistic ions
With antagonistic ions added, oscillatory response can arise against local disturbances even if the system is in a homogeneous state in the bulk region, as has been discussed in the linear theory in Sec. III. Here, we set g 1 = −g 2 = 13, a In Fig. 18 , we show φ(r) and U (r) as functions of r/a 0 around a single colloid, where three curves correspond to χ = 1.961, 1.965, and 1.966. Oscillatory behavior is amplified with increasing χ . The system tends to a homogeneous state far from the colloid for the smaller two χ , but it is in a periodically modulated phase for the largest χ , since the homogeneous state is linearly unstable for χ > 1.9651. In Fig. 19 , we examine the case of two colloids. In its left panel, the interaction free energy F int is plotted as a function of d for two colloids for χ = 1.95, 1.961, and 1.965. In its right panel, the profile of φ(r,z) is given for χ = 1.965 at d = 49a 0 = 3.27a, where a homogeneous state is linearly stable.
VI. SUMMARY AND REMARKS
In summary, we have examined how ionizable colloids influence the ion distributions and the composition field in binary polar solvents. These perturbations then give rise to the interaction free energy F int (d) between two colloids as a function of the distance d between their centers. We summarize our main results in the following.
(i) In Sec. II, we introduced a Ginzburg-Landau model in the presence of negatively ionizable colloids. The fundamental fluctuating variables are the composition φ, the ion densities n i , and the degree of ionization α, which are inseparably coupled in the presence of the selective solvation. Important parameters in the bulk free energy are the interaction parameter χ (determined by the temperature T ), the average composition φ, the average anion density n 0 , and the solvation parameters g i . Those related to the colloid are the radius a, the molecular interaction parameter γ representing the surface field on the composition, the density of the ionizable groups on the surface σ 0 , and the composition-dependent ionization free energy T ( 0 − 1 φ), which appear in the boundary condition (2.24) on φ and the mass action law (2.26) for α.
(ii) In Sec. III, we have presented a linear theory of the electrostatic and compositional disturbances produced by charged colloids, which is a generalization of the DebyeHückel and DLVO theories. In the linear scheme, the colloid interaction free energy F int (d) is a linear combinations of two Yukawa functions e
as a function of the colloid separation distance d in terms of two characteristic wave numbers q i . In the weak-coupling limit g a = g 1 − g 2 → 0, they tend to the DLVO interaction in Eq. (1.2) and the adsorption-induced attraction in Eq. (1.5).
(iii) In Sec. IV, we have presented a theory of precipitation on the colloid surface assuming a completely wetting layer, which is induced by the selective solvation of hydrophilic ions far from the solvent coexistence curve. This precipitation occurs at small χ for relatively smallφ (say, 0.1) (see the left panel of Fig. 4) . However, the growth of the layer thickness is slow with increasing χ for smallφ. Forφ φ c precipitation occurs close to the solvent coexistence curve.
(iv) In Sec. V, we have presented numerical results on precipitation and prewetting on the colloid surface for hydrophilic (γ < 0) and hydrophobic (γ > 0) surfaces in the nonlinear theory. We are particularly interested in the weakly hydrophobic surface satisfying Eq. (2.29). Such a surface is hydrophobic without ionization but becomes hydrophilic with progress of ionization. Moreover, the prewetting phase transition is more dramatic for such a hydrophobic surface than for a hydrophilic surface as in Figs. 6 and 8. Wetting layer formation occurs above a precipitation line, which weakly depends on the radius a and is located slightly above the bulk precipitation line χ = χ p . Such layers undergo a bridging transition with a great change in the interaction free energy F int as in Figs. 13-15. They either completely or partially wet the surface depending on the average compositionφ as in Figs. 16-18 . For antagonistic ion pairs, oscillation can be seen the composition and potential profiles as a function of the separation distance d as in Fig. 18 , but it is largely masked in F int in Fig. 19 .
We make some remarks.
(i) Our coarse-grained theory is inaccurate on the angstrom scale, but the solvation parameters g i and the ionization parameter 1 can be made very large, so the precipitation and prewetting transitions on the colloid surface have been predicted. We also note that the molecular volumes of the two components often differ markedly in real mixtures. For example, those of D 2 O and trimethylpyridine (the inverse densities of the pure components) are 28 and 168Å 3 , respectively [38] . The coefficient C in Eq. (2.1) of the gradient free energy remains an arbitrary constant [40] , though we have set C = 2a (ii) We believe that the previous observations of colloid aggregation [6] [7] [8] [9] [10] should have been induced by overlapping of enhanced adsorption or wetting layers on the colloid surface [14] . If the ions are neglected, colloid particles constitute a selective solute added in a binary mixture [8] . Furthermore, if the selectivity is high, our previous theory [34] indicates a solute-induced phase separation with a phase diagram as in Fig. 4 . This aspect should be studied in more detail.
(iii) Wetting behavior remains unexplored in the presence of a highly selective solute. It becomes even more complex if the substrate itself is ionizable. We have realized both complete and partial wetting on ionizable colloid surfaces, but the information gained is still fragmentary because many parameters are involved in the problem.
(iv) The effects of the critical fluctuations on the interactions between solid surfaces are very intriguing [28] [29] [30] [31] . Ions should further promote bridging of highly adsorbing or wetting layers.
(v) For antagonistic ion pairs, the oscillatory behavior in the colloid interaction in Fig. 19 is rather mild, though it is evident in the composition and potential profiles. It becomes more evident in the interaction between two parallel plates, as in the case of liquid crystals [39] .
(vi) For polyelectrolytes including ionized gels, there are a number of unsolved problems arising from selective solvation. Even in one-component solvents, ions interact differently with polymer segments and solvent molecules [23] . In mixture solvents (water-alcohol), a wetting film should be formed around a chain, as stated in Sec. I [23, [35] [36] [37] . The Manning-Oosawa counterion condensation mechanism should be modified for mixture solvents.
Note added. Recently, we noticed two theoretical papers on the effective force acting on two parallel walls confining a near-critical binary liquid mixture with added salt. Samin and Tsori [51] found a first-order phase transition representing capillary condensation. Bier et al. [52] examined it to first order in the solvation coupling (∝g a in our notation). .
The inverse Fourier transformation of S(q) yields the pair correlation g(r) = δφ(r)δφ (0) 
functions with θ 1 being the angle between r − r 1 and r 2 − r 1 . We introduce the modified spherical Bessel functions i (x) and k (x) [53] . They satisfy i + 2i /x − ( + 1)i /x 2 = i and k + 2k /x − ( + 1)k /x 2 = k , where we write i = di /dx, k = dk /dx, i = d 2 i /dx 2 , and k = d 2 k /dx 2 . We have i ∼ x as x → 0 and k ∼ e −x as x → ∞. In particular [54] , i 0 (x) = sinh x/x, k 0 (x) = e −x /x.
Thus, i P and k P satisfy the Helmholtz equations, 
We can calculate the coefficients a i and b from the boundary conditions (3.12) and (3.13) and the continuity of U at the colloid surface. We are interested in the free energy deviation in Eq. (3.17). For two symmetric colloids, we obtain The expression for ψ 0 also follows in the same manner. Further, using the relation,
we obtain simple Yukawa forms, 
given in Eq. 
where η i = i i − i i k i /k i and w i = k i /k i . The term proportional to ε p /ε in the denominator in the right-hand side arises from the boundary condition (3.12).
